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In this paper, we address the torque control problem of a permanent magnet synchronous motor (PMSM) under input voltage
limitation. First, a plant model of a PMSM is derived as a linear parameter varying system in which the rotor speed is included
as the varying parameter. Second, we show that setpoint tracking control is achievable under the time variation of the rotor
speed. Then we show a method of constructing a control law that achieves convergence of the motor torque to a step reference
signal under input voltage limitation and time variation of the rotor speed. The proposed control law consists of a gain-scheduled
control law and a servo compensator. In the proposed control method, the scheduling parameter and the controller state are
optimally updated so that the transient response is improved. The effectiveness of the method is shown by a numerical example.
© 2017 Institute of Electrical Engineers of Japan. Published by John Wiley & Sons, Inc.

Keywords: PMSM; tracking; saturation; integrator reset; gain-scheduling; LMIs

Received 23 January 2011; Revised 15 March 2011

1. Introduction

The permanent magnet synchronous motor (PMSM) has been
widely used in various industries due to its characteristics of
high efficiency, high torque to inertia ratio, and fast dynamic
performance. The dynamics of the PMSM includes nonlinear
coupling terms between the d -axis and q-axis subsystems. A
standard approach to construct a control law for a PMSM is
to use a decentralized proportional-integral (PI) controller with
a decoupling compensator used to cancel the nonlinear coupling
terms 1. The controller of this type is very practical since its design
and implementation on the computer are fairly easy. In general,
a larger control signal is required transiently to achieve higher
tracking control performance, which would cause control signal
saturation. When the control signal is saturated, the decoupling
compensator is no longer effective. The design problem of
the controller that guarantees closed-loop stability under control
signal saturation is a difficult problem because of the nonlinear
characteristics of the control system.

An anti-windup scheme is one way to deal with input saturation
problems and has been applied to a control the problem of a PMSM
in Ref. 2. It has been shown in Ref. 2 that closed-loop stability can
be ensured under input voltage limitation by using an appropriately
designed anti-windup compensator. However, the control law of
Ref. 2 is designed under the assumption that the rotor speed is
constant. Hence, the closed-loop performance would deteriorate
when the rotor speed changes.

Recently, several control techniques based on optimal control
theory have been applied to the control problem of a PMSM.
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Model predictive control schemes 3,4 have been applied to the
torque control problem of a PMSM in Refs 5,6 and a velocity
control problem in Ref. 7. Also, a nonlinear optimal control
technique has been applied to a torque control problem of a PMSM
in Ref. 8. It has been shown in above works that higher tracking
control performance can be achieved under input voltage limitation
as compared with the standard decentralized PI control approach.
However, in these works, the controller is designed under the
assumption that the rotor speed is constant. Hence, it seems that
further studies are required to examine the tracking performance
and stability of the control system under the variation of the rotor
speed with time.

In Ref. 9, a gain-scheduled servo control law for input-
constrained linear time-invariant systems was proposed. The
controller in Ref. 9 consists of a servo compensator and a gain-
scheduled controller. In this scheme, the scheduling parameter and
the controller state are updated at each sampling time so that
the tracking control performance is improved. It was shown in
Ref. 10 that the optimization problem to determine the scheduling
parameter and the integrator state can be solved efficiently by a
simple bisection method. However, this method cannot be directly
applied to the control problem of a PMSM since the method is
applicable only to linear time-invariant systems.

In this paper, we develop a torque control method for a PMSM
based on Ref. 9. First, a plant model of a PMSM is derived as a
linear parameter varying (LPV) system in which the rotor speed is
included as the varying parameter. Second, we show that setpoint
tracking control is achievable under the time variation of the rotor
speed. Then, we show a method of constructing a torque control
law that achieves setpoint tracking under input voltage limitation
and time variation of the rotor speed. To derive the control law,
we extend the control law of Ref. 9 so that the LPV system can be
handled. The effectiveness of the proposed method is shown by a
numerical example.

Notations: For a vector u ∈ R
m and a diagonal matrix A =

[a1, . . . , am ] > 0, we define the saturation function as �A(u) :=
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(φa1(u1), . . . , φam (um))T, where

φai (ui ) :=
{

ai sgn(ui ), |ui | > ai

ui , |ui | ≤ ai

If A = I , we will omit it. For a positive definite matrix P ∈ R
n×n ,

a vector v ∈ R
n , and a positive scalar η, we define E(P , η, v) :={

x ∈ R
n : (x − v)TP(x − v) ≤ η

}
. For a matrix F ∈ R

m×n , we
define L(F ) := {

x ∈ R
n : |F (i )x | ≤ 1, i = 1, . . . , m

}
, where F (i )

denotes the i th row of F . For integers k1 and k2 such that k1 ≤ k2,
we define I [k1, k2] := [k1, k1 + 1, . . . , k2]. Let V be the set of
m × m diagonal matrices whose diagonal elements are either 1
or 0. There are 2m elements in V . Suppose that each element of V
is labeled as Ej , j = 1, 2, . . . , 2m . Also, we define Ẽj := I − Ej .

2. Problem Formulation and Preliminaries

The PMSM is composed of a permanent magnet rotor and stator
windings. The PMSM stator has three coils spatially separated by
120◦. A rotating magnetic field is generated by the three-phase
current, and the magnetic torque is generated by the interaction of
the rotating magnetic field and the flux of the permanent magnet 6.
In the control system design for PMSMs, the d -q rotating frame is
commonly used, since AC signals appear as DC signals in the d -q
rotating frame. Figure 1 shows the relationship between the d -q
rotating frame and the u-v -w reference frame. In this figure, θ is
the angular position of the rotor, and p is the number of pole pairs.
The dynamics of a PMSM in the d -q rotating frame is described
by the following differential equations 7,11:

did
dt

= 1

Ls
(−Rid + Ls pωiq + vd ) (1)

diq
dt

= 1

Ls
(−pLsωid − Riq + vq − ωpφmg) (2)

dω

dt
= 1

Js
(Te − Bv ω) (3)

Te = 3

2
pφmgiq (4)

where id , iq (A) are stator currents in the d -q frame, and vd , vq

(V) represent stator voltages in the same frame. ω (rad/s) is the
rotor speed. Te (N m) is the electric magnetic torque. Ls (H) is
the stator phase winding inductance. φmg (Wb) denotes the flux of
the permanent magnet. Js (kg m2) is the rotor moment of inertia.
Bv (N/rad/s) is the viscous coefficient. R (�) denotes the stator
resistance.

In this paper, we consider the torque control problem of a
PMSM. Hence, we choose y = Te as the controlled output. Also,
the dynamical system described by (1) (2) is used for control
system design. More specifically, the following discretized model
of the dynamical system (1), (2) with the Euler method is used as
the plant model for control system design.

xp(t + 1) = Ap(ω(t))xp(t) + Bp(v(t) − h(ω(t))) (5)

y(t) = Cpxp(t) (6)

where Ts (s) is the sampling period, xp := [id , iq ]T is the plant
state, v := [vd , vq ]T is the control input, and

Ap(ω) := I + Ts

[
− R

Ls
pω

−pω − R
Ls

]
, Bp := Ts

[
1

Ls
0

0 1
Ls

]
,

Cp :=
[

0
3pφmg

2

]
, h(ω) :=

[
0

pφmgω

]

In PMSMs, the norm constraint described by v2
d + v2

q ≤ V 2
max,

where Vmax := Vdc/
√

3, is usually imposed on the input voltage 8.

90
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w
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pθ

Fig. 1. Relationship between the d -q rotating frame and the u-v -w
reference frame

To satisfy the constraint, we compute the input voltage by

v(t) = �V (u(t)) (7)

where u ∈ R
2 is a new control signal. Also, V and vmax are defined

by V := vmaxI and vmax := Vmax/
√

2, respectively.
For the system (5), (6), we make the following assumption.

Assumption 1 ω satisfies ω(t) ∈ [ω, ω], ∀t ≥ 0, where ω and ω

are constants such that ω ≤ ω.

Note that, in this case, the matrix Ap(ω) can be represented
as Ap(ω) = ∑2

s=1 βs (ω)Aps , where Ap1 := Ap(ω), Ap2 := Ap(ω),
β1, β2 ≥ 0, and β1 + β2 = 1.

In this paper, we consider the following problem:

Problem 1 Consider the system (5)–(7). Assume that ω(t) ∈
[ω, ω], ∀t ≥ 0. Design a control law u(t) = K(xp(t), ω(t), r(t))
that ensures closed-loop stability and achieves limt→∞ y(t) = r(t),
where r(t) = r , ∀t ≥ 0 and r is a constant.

In this paper, we compute the signal u(t) by

u(t) = ṽ(t) + h(ω(t)) (8)

where ṽ ∈ R
2 is a new control signal. The system (5)–(8) is

expressed as

xp(t + 1) = Ap(ω(t))xp(t)

+Bp [(�V (ṽ(t) + h(ω(t))) − h(ω(t))] (9)

3. Controller Design

In this paper, we design a controller described by

xc(t + 1) = xc(t) + e(t), (10)

e(t) = r(t) − y(t), (11)

ṽ(t) = Fc(t)xc(t) + Fp(t)xp(t) + M (t)r(t) (12)

where xc ∈ R is the integrator state. The design condition of the
matrices Fc(t), Fp(t), and M (t) will be introduced later in this
section. In the proposed control method, by suitably resetting
the controller state xc , we attempt to improve tracking control
performance. The details of the control algorithm will be explained
in Section 4.

From (9)–(11), an augmented system is derived as

x(t + 1) = A(ω(t))x(t)

+B [�V (ṽ(t) + h(ω(t))) − h(ω(t))] + Er(t) (13)

e(t) = Cx(t) + Dw r(t) (14)
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where x := [xT
p , xc]T and

A(ω) :=
[

Ap(ω) 0
−Cp I

]
, B :=

[
Bp

0

]
, E :=

[
0
I

]
,

C := [ −Cp 0
]

, Dw := I

We also define the following matrices:

As :=
[

Aps 0
−Cp I

]
, s = 1, 2

Note that A(ω) can be expressed as A(ω) = ∑2
s=1 βs (ω)As .

The following result holds:

Lemma 1 There exist matrices 	 and 
(ω) that satisfy

	 = A(ω)	 + B
(ω) + E , ∀ω (15)

0 = C 	 + Dw (16)

Proof The solution to (15), (16) are given as

	 =
⎡
⎣ c1

2
3pφmg

c2

⎤
⎦ , 
(ω) =

[
c1R − 2Ls

3φmg
ω

2R
3pφmg

+ c1pLsω

]
(17)

where c1 and c2 are arbitrary constants. Q.E.D.

Remark 1 Equations (15), (16) could be viewed as an extension
of the regulator equation 12,13 to a class of LPV systems.

We define the following variables.

ṽe := ṽ − 
(ω)r (18)

ξ := x − 	r (19)

From (13)–(19), the error system can be derived as

ξ(t + 1) = A(ω(t))ξ(t) + B [�V (ṽe(t) + 
(ω(t))r(t),

+h(ω(t))) − (
(ω(t))r(t) + h(ω(t)))] (20)

Remark 2 	r in (19) represents the steady-state value of the
state x when the plant output y tracks the step reference signal
r . Similarly, 
(ω)r in (18) represents the steady-state value of the
signal ṽ . It should be noted that the solution matrix 	 to (15),
(16) is constant. This is a crucial property of the PMSM dynamics.
This implies that the steady-state value of the state does not depend
on the varying parameter ω. Note that, thanks to this property, the
error system (20) can be derived. Further, this property will enable
us to design a control law that achieves setpoint tracking under the
time variation of the rotor speed ω.

Remark 3 In general, the steady-state value of the state of LPV
systems changes depending on varying parameters. Hence, setpoint
tracking is usually achievable only in the case where the varying
parameter becomes constant.

We make the following assumption:

Assumption 2 The reference signal satisfies |
(l)(ω)r + h(l)(ω)|
< vmax, ∀ω ∈ [ω, ω], l = 1, 2.

The above assumption ensures that the tracking control is
achievable under the input limitation in the steady state.

In the following, we introduce a polytopic model of a saturation
function proposed in Ref. 14. The following polytopic model will
be used to design the feedback controller (10)–(12).

Lemma 2 14 Let u , v ∈ R
m . Suppose that |vj | ≤ 1 for all j ∈

I [1, m]; then

�A(u) ∈ co{Ej u + Ẽj v : j ∈ I [1, 2m ]} (21)

where co denotes the convex hull.

From the above lemma, it can easily be verified that, for
A = diag[a1, . . . , am ] > 0 and |vj | ≤ aj , �A(u) can be expressed
as

�A(u) =
2m∑
j=1

λj (Ej u + Ẽj v) (22)

where 0 ≤ λj ≤ 1,
∑2m

j=1 λj = 1.
In the following, we introduce a theorem that is used to design

the feedback control law (10)–(12). The control law designed on
the basis of the following theorem has a structure such that a
high-gain control law and a low-gain control law are interpolated
by a single scheduling parameter. The scheduling parameter will
be used to tune the tradeoff between the size of the region of
attraction and tracking performance. The control algorithm will be
introduced in Section 4.

Theorem 1 Consider the system (13) and (14). Suppose that r
satisfies maxω∈[ω,ω] |
(l)r + h(ω)(l)| < vmax, l = 1, 2. For given
positive definite matrices R, S, positive scalars η, γ0 and γ1 such
that γ0 ≤ γ1, assume that there exist matrices Qi , Yi , Zi , (i = 0, 1)

that satisfy⎡
⎢⎢⎣

Qi ∗ ∗[
R1/2Yi

S1/2Qi

]
γi I ∗

As Qi + B(Ej Yi + Ẽj Zi ) 0 Qi

⎤
⎥⎥⎦ > 0,

∀i ∈ I [0, 1], ∀j ∈ I [1, 4], s ∈ I [1, 2] (23)[
Qi ∗

Z (l)
i

ρ2
l
η

]
≥ 0, ∀i ∈ I [0, 1], ∀l ∈ I [1, 2], (24)

Q0 < Q1 (25)

where ρl := vmax − maxω∈[ω,ω] |
(ω)(l)r + h(ω)(l)| and the sym-
bol ∗ stands for symmetric block in matrix inequalities. Further,
for some constant α ∈ [0, 1], we suppose that ξ(0) ∈ E(P(α), η, 0),
where P(α) := Q(α)−1, Q(α) := (1 − α)Q0 + αQ1. Then, by
applying the control law

ṽ(t) = F (α)x(t) + M (α, ω(t))r(t) (26)

where F (α) := Y (α)Q(α)−1, Y (α) := (1 − α)Y0 + αY1, and M (α,
ω) := 
(ω) − F (α)	, to the system (13) and (14), the relations
ξ(t) ∈ E(P(α), η, 0), ∀t ≥ 0, limt→∞ e(t) = 0 hold. Further, J :=∑∞

t=0{ξ(t)TSξ(t) + ṽe(t)TRṽe(t)} < γ (α)η holds, where γ (α) :=
(1 − α)γ0 + αγ1.

Proof From (18), (19), and (26), we obtain ṽe = F (α)ξ . Hence,
the closed-loop system (20), (26) can be represented as

ξ(t + 1) = A(ω(t))ξ(t) + B�V (F (α)ξ(t)) (27)

where �V (F (α)ξ) := �V (F (α)ξ + 
(ω)r + h(ω)) − (
(ω)r
+h(ω)). We define H (α) := Z (α)Q(α)−1, Z (α) := (1 − α)Z0 +
αZ1 and ρ := diag[ρ1, ρ2]. If ξ ∈ L(H (α), ρ) and maxω∈[ω,ω]

|
(ω)(l)r + h(ω)(l)| < vmax, ∀l ∈ I [1, 2], then |H (α)(l)ξ+

(ω)(l)r + h(ω)(l)| ≤ vmax, ∀l ∈ I [1, 2], ∀ω ∈ [ω, ω]. Hence, in
this case, the relation �(F (α)ξ + 
(ω)r + h(ω)(l)) = ∑4

j=1 λj

{Ej (F (α)ξ + 
(ω)r + h(ω)) + Ẽj (H (α)ξ + 
(ω)r + h(ω))}
holds from Lemma 2. Therefore, the relation �V (F (α)ξ) =∑4

j=1 λj {Ej F (α) + Ẽj H (α)}ξ holds.
By using this relation, if ξ(t) ∈ L(H (α), ρ) and maxω∈[ω,ω]

|
(ω)(l)r + h(ω)(l)| < vmax, ∀l ∈ I [1, 2], the closed-loop system
(27) can be rewritten as

ξ(t + 1) = A(λ(t), ω(t))ξ(t) (28)

where A(λ, ω) := ∑4
j=1 λjAj (ω), Aj (ω) := A(ω) + B{Ej F (α) +

Ẽj H (α)}.
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On the other hand, from (14) and (16), the signal e(t) can be
expressed as

e(t) = C ξ(t) (29)

From (24), we have[
Q(α) ∗

Z (α)(l)
ρ2

l
η

]
≥ 0, ∀l ∈ I [1, 2] (30)

Then, by substituting Z (α)(l) = H (α)(l)Q(α) for (30) and per-
forming a congruence transformation with block- diag[Q(α)−1, 1]
and substituting Q(α)−1 = P(α), and applying Schur complement
15, we have

1

ρ2
l

H (α)(l)T H (α)(l) ≤ 1

η
P(α), ∀l ∈ I [1, 2] (31)

Equation (31) implies that E(P(α), η, 0) ⊆ L(H (α), ρ).
By carrying out the similar procedures used to derive (30)– (23),

and substituting Z (α) = H (α)Q(α) and Y (α) = F (α)Q(α) for
the resulting inequality, and performing a congruence transforma-
tion with block-diag[Q(α)−1, I , I ], and multiplying the resulting
inequality by βs (ω(t)), and summing them up for s = 1, 2, we
have ⎡

⎢⎢⎣
P(α) ∗ ∗[

R1/2F (α)

S1/2

]
γ (α)I ∗

Aj (ω(t)) 0 P(α)−1

⎤
⎥⎥⎦ > 0 (32)

Further, by multiplying the inequality (32) by λj (t), and
summing them up for j = 1, . . . , 4, we have⎡

⎢⎢⎣
P(α) ∗ ∗[

R1/2F (α)

S1/2

]
γ (α)I ∗

A(λ(t), ω(t)) 0 P(α)−1

⎤
⎥⎥⎦ > 0 (33)

By applying Schur complement to (33), and multiplying the
resulting inequality from the left by ξ(t)T and from the right by
ξ(t), and using (28) and (29), we have

V (ξ(t + 1)) − V (ξ(t))

< − 1

γ (α)
{ξ(t)TSξ(t) + ṽe(t)

TRṽe(t)} (34)

where V (ξ) := ξTP(α)ξ . From (34), we can conclude that, if
ξ(0) ∈ E(P(α), η, 0), then

V (ξ(t)) < V (ξ(0)) ≤ η, ∀t ≥ 0 (35)

Equation (35) implies that ξ(t) ∈ E(P(α), η, 0), ∀t ≥ 0. On the
other hand, it has been shown that the nonlinearity �(F (α)ξ(t))
can be represented as �(F (α)ξ(t)) = ∑4

j=1 λj (t){Ej F (α) + Ẽj

H (α)}ξ(t) if ξ(t) ∈ L(H (α), ρ) and maxω∈[ω,ω] |
(l)r + h(ω)(l)|
< vmax, ∀l ∈ I [1, 2]. From (31) and (35), we can state that, if the
conditions in Theorem 1 hold, the relation ξ(t) ∈ L(H (α), ρ), ∀t ≥
0 holds. From (34), since ξ(t) → 0, (t → ∞), e(t) → 0, (t → ∞)

holds. Moreover, from (34) and (35), J = ∑∞
t=0{ξ(t)TSξ(t) +

ṽe(t)TRṽe(t)} < γ (α)η holds. Q.E.D.
Based on Theorem 1, we design a gain F (1) = Y1Q−1

1 , which
makes the region E(P(1), η, 0) large, and a gain F (0) = Y0Q−1

0 ,
which achieves fast convergence of the state in E(P(0), η, 0),
by suitably choosing the parameters γ0, γ1, R, and S. Then we
construct the control law (26) by interpolating the obtained gains.

Remark 4 When the control law (26) is designed based on
Theorem 1, the matrix P(α) needs to be determined so that the con-
dition ξ(0) ∈ E(P(α), η, 0) is satisfied for some constant α ∈ [0, 1].

(                           )(t)(      )(t +1)xxc

xp

Πr(                       )(t)(      )(t)x

(t +1)x~ (                          )(t     )+1(          )

c x~

(t +1)xp

Πr

Πr

Πr

Fig. 2. Graphical interpretation of the optimization problem at
Step 3 in Algorithm 1. In this figure, the controller state xc is
reset so that α(t + 1) is minimized at time t + 1. As the result,

the state at time t + 1 is moved from x(t + 1) to x̃(t + 1)

Time (ms)

0 0.5 1 1.5 2 2.5 3 3.5 4

y 
(N

 m
)

0

0.05

0.1

0.15

0.2

0.25

Case I

Case II

Fig. 3. Plant output y (N m)

This can be achieved by solving the design problem with the con-
straint ξ(0) ∈ E(P1, η, 0). By applying the Schur complement, this
condition can be rewritten as the following linear matrix inequality
(LMI) condition: [

η ∗
x(0) − 	r Q1

]
≥ 0 (36)

Also, the conditions (23)–(25) are LMIs with respect to the vari-
ables Qi , Yi , Zi , (i = 0, 1). Hence, the design problem of the control
law (26) that satisfies (23)–(25) and (36) can be solved efficiently
by a numerical optimization algorithm based on an interior point
method 15.

Remark 5 The size of the set E(P1, η, 0) mainly depends on the
choice of the parameter γ1. By choosing a larger value as γ1, the
size of the set E(P1, η, 0) could be expanded in general. However,
the control law designed based on Theorem 1 can only ensure local
stability. This implies that, when the magnitude of the reference
signal r is large, there may not exist a solution that satisfies the
conditions (23)–(25) and (36) even if a large value is chosen for
γ1.

Remark 6 If A = As , ∀s ∈ I [1, 2] and h(ω) = 0, ∀ω ∈ [ω, ω],
Theorem 1 is equivalent to Theorem 1 of Ref. 9.

4. Control Algorithm

The control law (26) includes the scalar α. The upper bound of
the cost function J is given as γ (α)η, and the function γ (α) takes a

747 IEEJ Trans 12: 744–752 (2017)



N. WADA ET AL.
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smaller value when a smaller value is chosen as α. Hence, it can be
expected that the control performance is improved by minimizing
α at each sampling time. Moreover, the state of the controller
xc can be used as a tuning parameter to improve the control
performance. Thus, we utilize the following control algorithm:

Algorithm 1
Step 0: Set t = 0 and α = 1.
Step 1: Measure xp(t) and y(t).
Step 2: If α = 0, set α(t) = 0 and go to Step 4.
Step 3: For given xp(t), solve minα∈[0,1], x̃c∈R α, s.t.⎡

⎣ η ∗[
xp(t)

x̃c

]
− 	r Q(α)

⎤
⎦ > 0 (37)

Then, set α(t) = α and xc(t) = x̃c .
Step 4: Apply v(t) = �V (F (α(t))[xp(t)T, xc(t)]T + M (α(t),
ω(t))r(t) + h(ω(t))) to the plant (5), (6).
Step 5: Compute xc(t + 1) by (10) and (11).
Step 6: t ← t + 1 and go to Step 1.

It should be noted that the value of the controller state xc is
reset so that the scheduling parameter α is minimized at Step 3 at
each sampling time.

Remark 7 The optimization problem of Step 3 in Algorithm 1
is an LMI optimization problem with respect to α and x̃c . It has
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been shown in Ref. 10 that the optimization problem can be solved
efficiently by a simple bisection algorithm.

Remark 8 Algorithm 1 is equivalent to the control algorithm in
Ref. 9 except for the structure of the control law at Step 4.
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As for feasibility of Algorithm 1 and closed-loop stability, the
following result holds:

Theorem 2 Consider the system (5), (6). Assume that ω(t) satisfies
|
(ω(t))(l)r + h(ω(t))(l)| < vmax, ∀l ∈ I [1, 2], ∀t ≥ 0. Moreover,
assume that there exists x̃c such that [xp(0)T, x̃c]T ∈ E(P(1), η, 	r).
Then by applying Algorithm 1 to the system (5), (6), e(t) converges
to zero as t → ∞.

Theorem 2 is a slightly modified version of Theorem 2 of
Ref. 9 and can be readily proven by using the proof pro-
cedure of Ref. 9. Hence, we omit the details of the proof
of Theorem 2 and outline the proof briefly. We assume that
x(t) ∈ E(P(α(t)), η, 	r) holds at time t , as shown in Fig.
2. When the control signal v(t) = �V (F (α(t))[xp(t)T, xc(t)]T +
M (α(t), ω(t))r(t) + h(ω(t))) is applied to the system (5), (6),
[x(t) − 	r]TP(α(t))[x(t) − 	r] > [x(t + 1) − 	r]TP(α(t))
[x(t + 1) − 	r] holds from Theorem 1. Hence, for some pos-
itive scalar κ < 1, x(t + 1) ∈ E(P(α(t))/κ , η, 	r) holds. This
implies that there exists α(t + 1) such that x(t + 1) ∈ E(P(α(t +
1)), η, 	r) and α(t + 1) < α(t). Hence, the scheduling parameter
α(t) decreases monotonically and converges to zero. Note that the
convergence speed of the parameter α(t) could be enhanced by
resetting the integrator state xc at each sampling time (see Fig. 2).
After α(t) becomes zero, the constant high-gain feedback control
law with the integral action is applied to the system. As the result,
the tracking error e(t) converges to zero.
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Fig. 11. q-Axis voltage vq (V)

5. Comparison with an Existing Method

A standard approach to constructing a control law for the
PMSM is to use a decentralized PI controller with a decoupling
compensator used to cancel the nonlinear coupling terms of
the PMS dynamics 1. In this approach, first, the decoupling
compensator, defined by[

u1

u2

]
=

[
ṽd − Ls pωiq

ṽq + pLsωid + ωpφmg

]
(38)

is applied to the system (5), (6) to cancel the nonlinear coupling
terms. Then the following decentralized PI controller is used to
achieve the setpoint tracking:

xc(t + 1) = xc(t) + e(t) (39)

e(t) = r(t) − y(t) (40)

ṽq (t) = KP e(t) + KI xc(t) (41)

ṽd (t) = KF id (t) (42)

v(t) = �V (u(t)) (43)

where KP , KI and KF are feedback gains. When the equality
v(t) = u(t) holds, the closed-loop system (5), (6), (38)–(43) is
divided into two linear time-invariant systems. The feedback gains
of the controller can be designed by solving two independent
state-feedback controller design problems. In addition, the imple-
mentation of the control algorithm on the computer is fairly easy.
Hence, the above control law is very practical. However, when
the signal v(t) is saturated, the decoupling compensator (38) is no
longer effective. As a result, the closed-loop stability with the con-
trol law (38)–(43) might not be guaranteed under such a situation.
The analysis of the closed-loop system is a difficult problem due
to the nonlinear characteristics of the feedback system.

6. Numerical Example

The values of the physical parameters are Js = 2.35 × 10−4

kg m2, Bv = 1.1 × 10−4 N/rad/s, Ls = 7 × 10−3 H, R = 2.98 �,
φmg = 0.125 Wb, Vdc = 100 V (vmax = 40.82 V), and p = 2. The
sampling period is chosen as Ts = 0.1 ms. For this plant, we
designed the control law (26) with S = diag[0.1, 0.1, 0.01], R =
10−5I , ρ = diag[37.46, 10.38], γ1 = 60, γ0 = 0.2, η = 1, r =
1 N m, ω = −100 rad/s, ω = 100 rad/s, c1 = 0, and c2 = 0.

• Case I: Algorithm 1 is applied.
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• Case II: Decentralized PI control with the nonlinear decou-
pling feedback compensation in Section 5 is applied.
The feedback gains are chosen as KP = 111.5, KI =
18.82, KF = −32.02.

Figures 3–8 show the results of the numerical simulation for
the reference signal r(t) = 0.2 N m, t ≥ 0. As the dynamical
model of the PMSM to carry out the numerical simulation, we
have used the discretized model of (1)–(4). The discretization
was done using the Euler method with the sampling period
Ts = 0.1 ms. The initial values of id , iq , and ω were set to
zero. In both cases, the maximum values of |vd | and |vq | are
smaller than vmax = 40.82 V. Further, in both cases, the controlled
output y converges to the reference signal even though the rotor
speed ω increases. In Case II, the controlled output tracks the
reference signal with the 12.5% overshoot, and the settling time
is 1.6 ms. In Case I, the controlled output tracks the reference
signal without producing any overshoot, and the settling time is
0.5 ms.

Figures 9–14 show the results of the numerical simulation for
the reference signal r(t) = 1 N m, t ≥ 0. The initial values of id ,
iq , and ω were set to zero. Note that in this numerical simulation,
the signal vq is in the saturation region transiently. In Case II,
the controlled output y tracks the reference signal with the 30%
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overshoot, and the settling time is 2.2 ms. The larger overshoot
might be due to the fact that the decoupling compensator (38) is
no longer effective and the integrator windup occurs while the
signal vq is saturated. In Case I, the controlled output tracks the
reference signal without producing the overshoot, and the settling
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time is 0.7 ms. In the proposed method, the integrator state xc is
reset until α becomes zero. Hence, the integrator state xc does
not accumulate while the resets are carried out. It seems that this
enables the response without the overshoot.

Figures 15–20 show the results of the numerical simulation
for the reference signal r(t) = 1 N m, t ≥ 0. In this numerical
simulation, the initial values of ω was set to 70 rad/s. The initial
values of id and iq were set to zero. It can be seen from these
figures that the plant output y in Case I converges to the reference
signal rapidly without producing any overshoot.

All the numerical simulations were performed with a digital
computer (Intel Xeon 3.6 GHz, 4 GB RAM), using MATLAB. The
maximum computation time required to solve the optimization
problem in Algorithm 1 was 0.36 ms. The computation time could
be reduced by using a compiled language 10.

7. Conclusions

In this paper, we have proposed a torque control method for
PMSM under input voltage limitation. In the proposed control
method, the scheduling parameter and the controller state are
updated at each sampling time so that the tracking control
performance is improved. It was shown that, by using the proposed
control method, setpoint tracking is achievable under the variation
of the rotor speed and the input voltage limitation. The control
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method in this paper is applicable only to the case where the
reference signal is a step signal. Hence, it is required to extend
the control method so that a time-varying reference signal can
be handled. This extension could be done by introducing the
target recalculation mechanism in Ref. 16 to the proposed control
method. We would like to leave the extension as a future research
topic.
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